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Abstract

The event-triggered control problem for switched linear system is addressed in this paper. The
periodical sampling scheme and event-triggering condition are incorporated in the closed-loop. The
feedback control updates its value only at sampling instants as long as event-triggering condition
is satisfied as well. In addition, the switchings are only allowed to occur at sampling instants and
meanwhile the switching condition is satisfied. Three equivalent sufficient conditions are proposed
to ensure the asymptotic stability of switched systems. In particular, one condition has a promising
feature of affineness in system matrices, and as a consequence, it is extended to robust sampling
case and Lo-gain analysis. Several examples are provided to illustrate our results.
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1 Introduction

Switched systems have emerged as an important subclass of hybrid systems and represent a very active
area of current research in the field of control systems [I-3]. A switched system is composed of a family
of continuous or discrete-time subsystems, described by differential or difference equations, respectively,
along with a switching rule governing the switching amongst the subsystems. The motivation for
studying switched systems comes from the fact that switched system can be effectively used to model
many practical systems that are inherently multi-model in the sense that several dynamic subsystem
models are required to describe their behavior. For instance, the sampled data systems [d], networked
control systems [6] and event-triggered systems [G] can be modeled as switched systems. Generally, the
stability and stabilization problems are the main concerns in the field of switched systems. It has been
proved that Lyapunov function techniques are effective to deal with stability and stabilization problems
for switched systems, for example [7-9]. Combining multiple Lyapunov function (MLF), the dwell time
and average dwell time properties of relatively slowly switched systems have been investigated in the
corresponding switched systems [[0-T2]. For more details on the recent advances in the area, the
readers are referred to the surveys [2], and the references cited therein.

On the other hand, the periodic and aperiodic control strategies are presented as the most prevailing
control approaches on digital platforms. Typically, the control executes periodically in the closed-loop
and the system can be analyzed by the well-developed sampled-data system theory. As a further
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improvement of traditional sampled-data system, the event-triggered control system is introduced, see
for example the theory work [[3-16], and numerous applications [I74-20]. In the framework of event-
triggered control, the control executions are generated by well-designed event-triggering condition. In
comparison with sampled-data scheme, the event-triggered control which is a typical aperiodic one is
capable of significantly reducing the number of control task executions, while retaining a satisfactory
closed-loop performance. Though the event-triggered control can offers some clear advantages with
respect to periodic control such as in handling energy, computation, and communication constraints
but it also introduces some new theoretical and practical problems. The detailed advantages and
challenges introduced by the event-triggered control can be found in the survey paper [Z1].

In this paper, we consider a class of periodic event-triggered control for switched linear systems.
The periodic event-triggering condition allows the coexistence of periodic sampling scheme and event-
triggering condition for the control executions. Moreover, this blending strategy also determines the
occurrence of switching behaviors, in other words, the switching only occurs at sampling instants as
long as the switching condition is satisfied. Three stability criteria are proposed for event-triggered
switched system in this paper, and they are proved to be basically equivalent. The first one is derived
by analyzing the evolution of state at sampling instant, however, it is not convenient to extend to
further problems such as robust sampling and £o-gain analysis. Then, a sampling-dependent approach
is proposed, which actually is not numerically tractable since it has infinitely many values to check.
Thus, a discretized method to equivalently convert the sampling-dependent condition into a numerically
tractable condition. Based on this numerically tractable condition, the extensions to robust sampling
case and Lo-gain analysis are made.

The remainder of this paper is organized as follows: The event-triggered switched system model
is given in Section 2. The main result, three equivalent stability criteria are presented in Section
3. Extensions to robust sampling case and Lo-gain analysis are studied in Section 4 and Section 5,
respectively. Conclusions are given Section 6.

Notations: N represents the set of natural numbers, R denotes the field of real numbers, R* is the
set of nonnegative real numbers, and R™ stands for the vector space of all n-tuples of real numbers,
R™ ™ is the space of n x n matrices with real entries. The set M7 consists of all matrices ® € R**"
with nonnegative off diagonal elements ¢;; > 0, ¢ # j, satisfying Ejvzl ¢j; = 0, which implies that
¢ < 0. The set M} consists of all matrices II € R™*™ with nonnegative elements 7;; > 0 satisfying
the normalization constraints Zjvzl mj; = 1. ||| stands for Euclidean norm. The notation A > 0
means A is real symmetric and positive definite. A > B means that A — B = 0. AT denotes the
transpose of A. In addition, in symmetric block matrices, we use * as an ellipsis for the terms that are
induced by symmetry and diag{- - - } stands for a block-diagonal matrix. I denotes the unit matrix and
0 stands for the zero elements in matrix with appropriate dimensions. We define z(¢}) = lim, Lt x(t)
and z(t, ) = limtﬁt; z(t). For a matrix function F : [a,b] — R™*", its upper right Dini derivative is

defined by DT F(x) £ lim,_,+ sup w In the rest of this work, we will make extensive uses
of the following matrix expressions:
C(A,P)=ATPT + PA
P(A, P(t)) = €(A, P(t)) + DT P(t)
(A, P,Q,0) =¢(A,P)+(P-Q)/é
22(A, P,Q,0) =F(A,Q) + (P —Q)/o
E(A,J,P,Q,t)=e* LT PJeM —Q



2 Event-Triggered Switched Control System

Consider the continuous-time switched linear system in the following form:

#(t) = Astyz(t) + Boyu(t) + Eypw(t) (1)
y(t) = Comyz(t) + Doyw(t) (2)

where z(t), zo € R™ are the state of the system and the initial condition, respectively. u(t) € R™ is
the input and w(t) € R™ is the exogenous disturbance. y(t) € R™v is the controlled output. The
switching function o : RT — N = {1,2,..., N} defines the switching actions, where N is the number
of subsystems.

In this paper, we consider a periodic event-triggered control strategy for switched system (0)—(2) for
the sake of taking advantages of both periodic sampled-data and event-triggered control, which means
the system state z(t) is only measured at the periodic sampling times for generating the control input,
computing the switching function output and verifying the event-triggering condition. In a periodic
sampling implementation, the values of the system state are available for a time sequence S £ {t; }ren,
where tg is the initial time and tg, £ € N\ {0}, are the sampling times, which are periodic in the sense
that t,, = kTs, k € N, for some properly chosen sampling interval T > 0. With this sampling setting,
the sampled switching signal is

o(t) =3d(t), t € (tk,tpt1) (3)

where 6(t), t € (tg,tr+1], is determined by

g = o 7t 2ot .

The sampled switching signal (B)—(d) implies the switching decisions are only made at sampling
instant ¢;. The value of o(t) only changes at sampling instant ¢y if o(tx) # 6(tx), otherwise it holds
its most recent value. It worth mentioning that since the switching function (B) only activates at each
sampling time ¢, k € N, it can be interpreted that a dwell time constraint ¢x41 — ¢, > T, Vk € N is
imposed on the switching signal. This dwell time constraint obviously prevents the switching actions
from chattering phenomenon or Zeno phenomenon, since the switching frequency is restricted to have
an upper bound equals to 1/Ts. In [22], a modified min-switching law with dwell time constraint
is proposed to avoid the chattering behavior owe to the dwell time constraint. However, it requires
accessing the system state and monitoring the state-dependent switching rule continuously, which is
not allowed in the sampled-data setting proposed in this paper, since the system state z(t) is obtained
only at sampling instants.

In addition, we also take the sampled-data feedback controller into account. In a conventional
periodic sampled-data control scheme, the following mode-dependent state feedback controller is often
considered

u(t) = Ko (t), t eRY (5)

where K;, ¢ € N are the already designed feedback gains for subsystems, and Z(¢), ¢t € (tx, tgt1], 18
defined by
#(t) = alte), t € (b ts] (6)
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Figure 1: General scheme of periodic event-triggered switched control system

In order to obtain a complete model of system (M)—(2) with the periodic sampling setting (8) and
(8), we let &(t) = [z(t) 2(¢)]" and obtain the following system

2(t) = Agy@(t) + E,(yw(t), t e RT\ S (7)
it =Jit,), tkeS (8)
y(t) = Coy@(t) + Doyw(t) (9)

where o(t) evolves according to (B) and
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Further considering the event-triggered controller, the state measurements are transmitted over a
communication network and the control values are updated only when certain event-triggering condi-
tions are satisfied, the controller is given in the following form

u(t) = Ky)a(t), t € RT (10)
where Z(t) is a left-continuous signal, given for ¢ € (t,tr+1], k¥ € N, and modifies the (B) as

o J ox(te), T(x(te),2(te)) >0
x“)‘{ i1, T(a(ty). a(ty) <0 (1)

with an event-triggering function I' : R?® — R. The value #(t) stands for the valid value for the
controller at sampling time ¢; and through the successive interval [tg, tx41), which is determined by
the event-triggering function I'. If I'(z(¢x), Z(tx)) < 0, the state &(¢x) holds as its most recent value,
and in the case of T'(z(t), #(tx)) > 0, the state x(¢x) is transmitted over the network to the controller
and Z(t) is updated accordingly. The general scheme of event-triggered switched control system with
periodic sampling setting is illustrated in Figure 0.

In this paper, we focus on a class of quadratic event-triggering condition, that is, I'(z(tx), Z(tx)) is
in the following quadratic form

T(E(tr) = 2" (tr)QE(tr) (12)



where #(ty) = [z7(tx) 27 (t)]" and Q € R?™*2" is a symmetric matrix. Several event-triggering
conditions can be written into the quadratic structure (I2), for example the state-error based triggering
condition T'(z(tg), Z(tr)) = |Z(tx) — x(tr)|| — Aljz(tk)|], where A > 0, can be expressed by (I[2) with

(1-A2] -1

Q= I I

Other well-known event triggering conditions such as input-error based, Lyapunov function based
conditions can be formalized by () as well, readers can refer to [B].

In summary, by modifying the periodic sampled-data system model (@)—(H), the event-triggered
system model arrives at

#(t) = Ay 3(t) + Egyw(t), t e RT\S (13)
v hER), ET()QE(t,) >0
0 ={ ) Sibenis <0 €S 19
y(t) = Coy(t) + Do(yw(t) (15)

where J; is same as J in (B) and J, = diag{I, I'}.

By (I3)—(IH), one can see that the event-triggered switched control system can be expressed as
a switched system with impulsive behaviors at switching instants. For the passive switching, that is
the switching information is not available and the switching is supposed to possibly occur at every
switching sampling instant, system ([C3)—(IH) can be viewed to be under switching with a dwell time
T,. The results in [0, Z3-25] for switched system with dwell time can be employed. However, if some
active switching is considered, which means the switching rule is explicitly available to designed, the
passive switching result could yields conservativeness, thus we should improve these results with the
aid of the information of switching law. For the active switching considered in the remainder of paper,
we adopt the well-known min-switching rule, which is described as below:

o(t) = argminz ' (t)P,i(t) (16)
€N

where P; > 0, i € N, are matrices to be determined, see the results in [26, 27]. The corresponding
sampled min-switching rule (IB) is described as

in, AT (4P s+
a(t):{ argminien 27 (K PE(E]), €S -

o(tk), t e (tr,tet)

The main aim of this paper is to provide analysis and design techniques for controller, sampling
scheme, and event-triggering condition such that the system is stable with switching rule (7). In the
following, the definition of globally asymptotic stability is presented.

Definition 1 A function v : RY — R is a K function if it is strictly increasing and v(0) = 0, and
also a function B : RY x RT — RT is a KL function if for each fized s the function B(r,s) is a K
function with respect to r, and for each fized v the function B(r,s) is decreasing with respect to s and
B(r,s) = 0 as s = 0.

The definition of globally uniformly asymptotic stability (GUAS) for system (I[3)—(IF) is given
below.



Definition 2 The equilibrium x = 0 of system (I3)—(IA) with w(t) = 0 is GUAS under the switching
signal o(t) if, for initial condition &(ty), there exists a class KL function 3 such that the solution of
the system satisfies ||2(t)| < B(||Z(to)]| ,t), Vt € RT.

In the presence of input w(t), the Lo-gain performance of system (I3)—(IH) is formulated in the
following.

Definition 3 For v > 0, system (I3)—(IA) is said to be GUAS with an La-gain performance, if the
following is satisfied:

(1) System (I3)—(TA) is GUAS when w(t) = 0;

(2) Under zero initial conditions, the following inequality holds for all nonzero w € £5]0,00),
[ oPa<s? [ e a (18)
to to

where 7y is called the La-gain.
Before ending this section, a useful lemma is introduced.

Lemma 1 For a matriz A € R™*™ and a scalar Ts > 0, there always exist a sufficiently large M* €
N\ {0}, a sufficiently small e € R* and matrices P, € R™", m ={0,..., M}, such that

Py =0, me{0,..., M} (19)
D1(A, Py, Py 8) < 0, m € {0,..., M —1} (20)
@2(A7Pm+17pm,§)-<07 m€{07...,M—1} (21)

where § = Ts/M, hold for any M > M*, and P,,, m = {0,..., M}, have the following form:
Sm
Py, = e~ A 9m Ppe=A0m _ / e_AT(‘Sm_t)Y(t)e_A(‘Sm_t)(t)dt7 me{0,...,M} (22)
0

where 0, = mTs /M, m={0,... .M}, and 0 <Y (t) < el, t € [0,T4].

Proof. See Appendix. d

In this section, the closed-loop of event-triggered switched linear system is modeled as a switched
system with state update at switching instant, along with mixed time-dependent and state-dependent
switching rules. In the next section, the stability analysis will be studied as the main result in this

paper.

3 Stability Analysis for Event-Triggered Switched System

Motivated by the techniques used in [23, 24, 28-30] for switched systems, and [31] for time-delayed sys-
tems, the main result for the stability of event-triggered switched control system (I3)—(I33) is presented
by the following theorem.

Theorem 1 Consider event-triggered switched control system (I3)—(IA) with w(t) = 0, the following
three statements are equivalent:



(a) There exist scalars up, > 0, h € {1,2}, a matriz Il € MY and symmetric matrices P; = 0, i € N,
such that
Ein=<0,ieN, he{l,2} (23)

where E; p = &(Ai, Jn, Z;'V:l iy, P+ (=)' unQi, Ty), Qs = e T2 Qe

(b) There exist scalars pp, > 0, h € {1,2}, a matriz Il € MY and a continuous symmetric matriz
function P;(t) : [0,T,] — R?"*2" i € N, such that

Pi(t)»0,te[0,Ts], i e N (24)
Q(Ai7pi(t)) <0, 1€ N (25)
Qpn=<0,ieN, he{l,2} (26)

where Qi,h = J}—Lr Zjvzl Wjin(O)Jh — R(TS) — (—1)huhQ.

(c) There exist scalars M € N\ {0}, pp, > 0, h € {1,2}, a matriz I € MY and symmetric matrices
Py € R2V20 1y € {0,..., M}, i €N, such that, fori € N,

P =0, me{0,..., M} (27)
D1 (Ai, Pty Pim,6) <0, me {0,...,M —1} (28)
Do(Aiy Pimi1s Pim, ) <0, me{0,...,M —1} (29)
Q =<0, he{l,2} (30)

where § = TS/M and Qi,h = J;Lr Zjvzl Wjin’th - Pi,M - (—1)h/1,hQ.

when one of the above equivalent statements holds, then system (I3)—(TA) with w(t) = 0 is GUAS with
switching signal (1) with P; by statement (a), P; = P;(0) by statement (b) and P; = P; o by statement
(c), respectively.

Proof. The structure of the proof is as follows: First, we prove the equivalence by deriving (¢) =
(b) = (a) = (c), then establish GUAS by (a) = GUAS.

(¢) = (b): Dividing interval Z £ [0,T,] can into M € N\ {0} segments described as Z,, =
[0my Omt1), m = 0,1,..., M — 1, which are of equal length § = Ty/M, and then 6y = 0 and §,, =
md = % Based on the discretization of Z, the following time-scheduled matrices P;(t), i € N, are
introduced

{ Pi(t) = (1= 0(0)Pim + 0O Pimss 7 (31)

o(t) = Mt/T, —m

by which it can be seen that 0 < (¢) < 1 and P;(¢) defines a piecewise linear matrix function over Z.
By the definition of P;(t), i € N/, as (B1), we have P;(0) = P; o and P;(Ts) = P; p, so (2Z4) and (BO)
can make sure that (24) and (E8) hold.
Then, one has
'DJFPZ(t) = (P)i,m-i-l — Pz7m)D+9(t), t e Inz (32)

Due to 0(t) = M(t — 6,,)/Ts, we have DT0(t) = M/T,. Hence DV P;(t) becomes
D+Pl(t) = M(Pi,m-l-l — Pi,m)/Ts; te Im (33)

Thus, (E8) and (29) imply (23) holds.



(b) = (a): Pre- and post-multiplying (23) with eAit and its transpose, and integrate it over

[0,T§], it arrives
- _
eti Ts p(T)eTs — Pj(0) <0, i e N
which implies P;(0) > eAl TSPlv(TS)eAiTS, i € N. Furthermore, it equals to

P(T,) < e A T P(0)e 4T, i e N

Using (BH) into (P8), the following inequality holds for i € A and h € {1, 2},
N -~ -~
TN miiPi0) I = e AT RO)e AT~ (<1) @ < 0
Jj=1
Letting P, = P;(0) = 0, « € N/, (BB) equals to

iT N i -
€A"’ Ts J;Lr Zj:l WjinJheAlTS — Pi — (—l)huhQi <0

where Q; = e T:QeAiT:. Thus, (23) can be established by letting P; = P;(0) = 0,4 € N.

(a) = (c): Since (23) holds, it implies that the following inequality holds
N T Dy
J, ijl 1P Jn — e TP AT (1), Q < 0
which implies that there exists an €* > 0 such that

N - .
J ZFI T3Py — e~ A TP AiTe _ (Z1)P Q< —e*

(34)

(39)

Then, for any € > 0, we can let P, g = eP;/e* > 0, i € N (This choice of P, i € N, maintains the

same switching law generated by P;, i € N.), and jip, = eup/€e* > 0, h € {1,2}, such that

N i i
T E : —AlT, —A;T, B~
Jh i=1 ﬂ_jipj,OJh — € g 4,0€ — (71) [LhQ < —el

(40)

Using Lemma [, there always exists a sufficiently large M™* such that (22), (28), (29) always hold with

P, med{0,...,M}, M > M* iec N, in the form of
Pim = e_A:(S”"’Pi,oe_A“Sm —Zim, me{0,...,M}
where .
Zim = / e_AiT(‘Sm—t)Y;(t)e—fh(ém—t)(t)dt
0
with 6, = mTs/M, m = {0,..., M}, and continuous matrix functions Y;(¢) = 0, i € N.

Thus, it yields

—AlT, — AT,
Py =e i P ge *—Zim

Substituting e~ Al TS Loe*AiTs = P, v + Z;, v into (E0), we have
N
T > miPiodn = Pia — (—=1)"in@ < —el + Zin
j=1
Since € > 0 can be arbitrarily chosen, we can choose a sufficiently large € > 0 such that

N
Al ZFI m5iPjodn — Pia — (—1)"1,Q < 0

(41)



which implies that (80) holds.
(a) = GUAS: First, we consider the system state Z(¢) at sampling instants, we have

A Ts T (4 7 (t;

Jye a(t)) x(tﬁ)’ xT(tk+1)Q$(tk+1) >0 (45)
+
k

(t_k‘——&-l) A T
t+ s ~ ~ — ~ —
Joe TR E (L)), xT(tk-s-l)Q?C(tkH) <0

A T, _ . N .
Due to Z(t, ;) =e o) Z(t), and letting Q; = e i TaQeAiTs | | = ti, (k) evolves according to the

following dynamics
U( )T ~T A A
Fh+1) = JyeAate . z(k), :fT(k)Cglaf(k) >0 (46)
JaeAok) z(k), = (k)Q:z(k)<0
where o(k) = argmin;epn 7' (k) P;2(k) and P;, i € N, is same as in switching signal (IC2).
Construct Lyapunov function candidate as V(&(k)) = &' (k)P,()Z(k) and define AV (&(k)) =
V(z(k+1)) — V(&(k)), under the min-switching law (ICA), we have

AV (z(k)) = jnenﬁ:f(k +1)Pa(k +1) — &' (k) Piz(k)

<z'(k+1) (Z;V_lwﬂ ) #(k+1) — 2" (k)P (k)

By (#8), AV (Z(k)) arrives

T (k)Tiaz(k), & (k)Qid(k) >0

AV (@(k)) :{ FT(Ds 03 (k), &7 (K)Qid(k) <0 o

where Fi,l = (A,L, J1, Z TF]ZP] 0 P“ Tg) Fi,2 = (Az, JQ, Z 7T]1PJ 0 Pz, T ) Since (IZE) hOldS7 it
implies there exists a sufﬁ(nently small € > 0 such that Z;, < —el, Vi € N, h € {1,2} then using
S-Procedure, it ensures that

AV (k) < —e||Z(k)[*, k€N (48)
Letting )\mm, /\max be the minimal and maximal eigenvalues of P;, i € N, respectively, it implies that
Amin || Z(k )H V(Z(k)) < Amax ||Z(k )||2 Thus, (E8) implies that V(Z(k)) < (1 — €/Amax)*V (2(to)),

where 0 < 1 — €/>\max < 1. Due to k = /T, one has

1—€¢/Amax

V(E(t])) < e TTEEE Y (3 (1)), th €S (49)

)\max — — ~
2D <y ¢ Pt 15 (k) , te €S (50)

where p = —In(1 — €/Amax) /275 > 0. i
Then, let us consider any t € (t,tr+1), the dynamics of mode i yields #(t) = eAi(t=t)z(¢)),
t € (tg,tg+1). Using the following derivation

Furthermore, it arrives

HeAi(t*tk) TS, t € (tg,tgr1) (51)

we have ||Z(¢)|| < c||Z(tk)|l, t € (tk,tk+1), where ¢ = max;en ell A Thus, by (B0), it can be ob-
tained that ||Z(t)|| < Ce (=) ||Z(to)||, where C' = ce?Ts \/Amax/Amin > 0, and the GUAS can be
established by the existence of KL function 5(||Z(to)]| ,t) = Ce™Pt) ||Z(ty)|. O

Some observations are obtained for three conditions in Theorem [:



1. If no event-triggering condition is considered and the state x(t) updates at each sampling instant,
event-triggered system ([C3)—(IH) is reduced to ([@)—(9), and as a result, (Z3) can be rewritten to

~ N
E(Ai Y Py P T) <0, i €N (52)

It can be found that (62) recovers the result in [32], which deals with the switched system with
min-switching law (IB) only acts at sampling instant t;. Theorem [0 generalizes the sampled
switching case to event-triggered switching case. Furthermore, if we consider the passive switch-
ing, which means switched system could switch to any subsystems at every switching instant tj.
That means, for any j # 4, 4,5 € N, we have to let 7j; =1 and m,, =0, p # j, so

éa(AZ7Jan7P27TS)_<O7 Z7JEN (53)

which exactly recovers the result in [23].

The basic idea of Condition (a) is to consider the evolution of system state at sampling instant
tx, and the asymptotic convergence of Z(¢)) guarantees the asymptotic stability of system (IZ3)—
(I3). However, if one attempts to make some further extensions of Condition (a) such as robust
sampling case and Lo-gain performance analysis, the presence of exponential term eAiTs
such extensions difficult.

makes

2. Condition (b) basically is an extension of the result in [2¥], from dwell time switching to peri-
odically event-triggered switching. Regardless of event-triggering condition, system (@)—(8) is a
switched system with a periodic dwell time T, and if we deactivate the switching rule (IC2) to
consider passive switching, it leads to 7;; = 1 and m,; = 0, p # j, thus (28) is rewritten to

P;(0) — Bi(T.) <0, j #i, i,j €N (54)

Together with (24), (23), the result in [2¥] is recovered.
Still consider system ([)—(H) regardless of event-triggering condition, (Z8) becomes

Zil Wjin (0) - PZ(TS) <0 (55)

Then, let us consider the special case with sampling interval Ts — 0. In this case, we have to let

the continuous matrix function P;(t) = P;, i € N, then (23) implies 2(A;, P;) = €(A;, P;), and
(B8) arrives at

N
ijl m;iP; — P <0 (56)
From the fact of Zjvzl 7 Py — P = Zjvzl ¢;iP;, ® € MY, i,j € N, (BB) leads to
N
D %P <0 (57)
Combining (23), (B2), the following result can be established
- N
CALP)+Y  ¢P <0, MY, ijeN (58)
j:

which exactly recovers result in [23] for min-switching rule. Therefore, Condition (b) is an
extension to sampling case and further to event-triggered case. One point need to be noted this
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Table 1: Computational complexities of Conditions (a), (b) and (c) with fixed IT € M
Number of Variables LMI Constraints

Condition (a) || (4n2N + 2nN)/2 + 2 6nN + 2

Condition (b) 00 00

Condition (¢) || (4n* +2n)(M +1)/2+2 || 6nN(M +1) + 2

min-switching law may introduce Zeno behaviors, but if we let Ts be a positive constant in our
periodic event-triggered rule, one advantage is the elimination of Zeno behavior in switching.

In comparison with Condition (a), Condition (b) does not have any exponential terms which
facilitates its further extensions to solve other problems. However, it is not numerically testable
to check the existence of such time-varying matrix functions P;(t), i € N.

3. Condition (c) is a discretized version Condition (b), and similar as what has been discuss for
Condition (b), if we discard the event-triggering condition and (80) becomes

N
Zj:l ﬂ'jipj,O — Pi,M <0 (59)

which recovers the result in [22]. Moreover, if we further deactivate the min-switching strategy,
(BO) can be reduced to
Pj,O_Pi,M <0 (60)

to recover the result in [24] for switched system under dwell time constraint.

With a particularly constructed P;(¢), i € N, Condition (c) recasts the search for a continuous
matrix function P;(t) as a finite number of matrices P ,,, m € {0,..., M}, i € N, which is
solvable for many current tools.

4. Though the three conditions are equivalent, the computation complexities are different. Condi-
tion (a) looks simpler and computationally much more efficient, see Table 1 for the comparison of
computational complexities with a prescribed II € Mflv . Condition (b) is actually not numerically
tractable by the present tools, so a special structure of P;(t), ¢ € N, is employed in Condition
(¢), it turns the infinite number of decision variables in time-varying P;(t), i € A into a finite
number of matrices P, ,,, m € {0,..., M}, i € N. However, the equivalency of Condition (c) to
Conditions (a) and (b) has to be established based on a sufficient large M, and the computation
cost increases as M grows, see Table 1. Though more computation cost has to pay in Condition
(c), the further extensions beyond stability become possible.

Example 1 Consider a switched system with two modes

1 3 -1.3 -1.6
A A
Hp| =6 =2 | | E =] o33 08
! 1 05 2 02 03
The feedback gains are K1 = [—5.1744 — 5.1904] and K, = [18.7593 16.3442], which ensure

the A; + B;K;, i € {1,2}, are Hurwitz stable. The event triggering condition is T'(x(tg),Z(tg)) =
12(tk) — z(tr)|| — Allz(tr)|l, where A > 0. To search for 11 € MY, we define m1 € [0,1] and
72 € [0,1], then Moy = 1 — w11 and w2 = 1 — g, respectively. The increments dmy; = 0.1 and
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Figure 2: The least values of sufficiently large parameter M for Condition (c) to verify GUAS

Table 2: Computational time (second) of Condition (c) with a fixed IT € M}
Ts=01|Ts =02||T5s =0.3||Ts =04|Ts = 0.5

A=0.1|| 3.045 4.842 6.235 7.682 12.372
A =0.2| 3.767 4.881 6.349 8.628 13.680
A=0.3]| 3.624 6.349 8.932 9.158 14.046
A
A

=0.4| 3.814 5.817 9.434 || 16.745 || 16.750
=0.5|| 3.983 9.738 || 12.186 || 20.909 || 29.081

dmis = 0.1 are taken to divide [0, 1], and use the discretized points to turn the conditions in Conditions
(a) and (c) into LMI feasibility problems.

First, we use Condition (a) to verify that the GUAS can be established with sampling times Ty =
{0.1, 0.2, 0.3, 0.4, 0.5} and state error A = {0.1, 0.2, 0.3, 0.4, 0.5}. Then, to show the equivalence,
we use Condition (c) to obtain same GUAS results, provided with sufficiently large parameters M. The
results are shown in Figure 2.

Figure 2 shows the existence of sufficiently large M ensuring the equivalence of Conditions (a)
and (c). However, the computational complezxities of two theorems are different. The computational
complezity of Condition (a) is fized if the number of subsystems and system order are fized, as Table
1 shows, but the computational complexity of Condition (c) increases as M grows. The computational
time is given in Table 2. Larger A or Ty will lead to more computational time which is listed in Table 2
is because larger A or Ts needs larger M to establish the stability, as what Figure 1 shows. Taking the
Ts = 0.2 for example, A = 0.2 needs M = 2 and, on the other hand, A = 0.3 needs M = 4. Larger M
has more computational complezities as shown in Table 1. If the M are same, e.g. the case Ts = 0.1,
A =0.2 and A = 0.3 both need M = 2, so the computational times are similar.
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Despite the equivalence of Conditions (a), (b) and (c), the main advantage of Condition (c) lies
in its convenience of extending to solve further problems. In next sections, extensions will be made
to robust sampling case and Lo-gain performance analysis for event-triggered switched control system
based on Condition (c).

4 Robust Sampling Scheme

In this section, the uncertainties in sampling interval will be considered. To further develop a robust
switching rule (7), the sampling interval is generalized to Ts € [Tinin, Tmax)- Similar as the general-
ization from periodic switching to aperiodic switching in [80], the generalization of Conditions (a) and
(b) in Theorem M can be made simply by replace a fixed Ts by a variable 7 € [Tiin, Tmax] in these
conditions. For instance, Condition (a) can be directly generalized as

~ N
@‘&(Ai,Jh,Z: 7Py, Py (= 1) e TQeNT 1) <0, i € N, hoe (1,2} (61)

holds for all 7 € [Tmin, Tmax]- However, it is difficult to check (BX) for all 7 € [Timin, Tmax] Which
has infinitely many number for checking in an interval [Tin, Tmax), due to the continuity argument
and intricate dependence of (B1) with 7 € [Timin, Tmax)- Thus, it is difficult to numerically verify the
stability by (B1) which actually requires infinite values for checking.

In order to establish a numerically tractable method for robust sampling interval Ts € [Tinin, Tmax)s
we resort to generalize Condition (c). Like the extension from dwell time to ranged dwell time in [30]
for sampled-data systems, the following theorem can be developed for robust sampling interval in the
framework of event-triggered control scheme.

Theorem 2 Consider event-triggered switched control system (I3)—(TA) with w(t) = 0, if there exist
scalars M € N\ {0}, up, > 0, h € {1,2}, a matriz II € MY and symmetric matrices P, , € R>"*",
m € {0,...,M}, i € N, such that, forie N,

P =0, me{0,..., M} (62)
PD1(Ai, Pimi1, P, 8) <0, m € {0,...,M —1} (63)
D2(Ai, Pinsts P, 0) <0, m € {0,...,M —1} (64)

Qi <0, me{M,...,M}, he{l,2} (65)

where § = Tiax/M, M = 1nt{%} and Q; pm = J,;'— Z;v 1755 Pj0dn— Py —(— D" un@Q, then system
(I3)—(TA) with w(t) =0 is GUAS under sampled switching rule (1) with P; = P, o, i € N.

Proof. Since M = int{ M T’“‘“} we have 2L =372 < Thyin which implies that the interval [Tinin, Timax] €
Um:M,..A,M—l L.

Considering P;(t), ¢ € [0, Timax) defined by

{ Pi(t) = (1 —=0(t))Pim + 0() Pi 1

B(t) = Mt/ Toae — m » 8€Im (66)

where 0 < 0(¢) < 1. First by (B2), we can obtain P;(t) > 0, t € [Twin, LTmax]. Then, (63) and (B64) have
D(A;, P;(t)) < 0, and for any 7 € [Tyin, Tmax], it is obtained

P, o = Pi(0) » e TP( e 7 € [Thins Timax) (67)

13



by integrating D(A;, P;(t)) < 0 over [0,7]. Then, (63) implies that

T -

AT N AT AT
e Zj:l mjiPjodne T — M TP(T)e T — (=1)"unQ(1) < 0 (68)

holds for 7 € [Tiin, Tmax), Where Qi(T) = e“iiTTQeA”. Using (B2) into (B8) and letting P, = P, g,
i € N, it reaches that

~ N ~
E(A;, T, Zj:1 7iP;, P+ (=1)"1,Q(7), 7) < 0, 7 € [Tnin, Tinax] (69)

which is exactly (B1), thus the robust GUAS can be established. O

In comparison with (BI), the extension of Condition (a), which has an infinite many decision
variables to search, Theorem B only has a finite number of decision variable to check the GUAS for
event-triggered switched system with ranged sampling intervals. The numerically tractable feature
is an obvious advantage over (EIl) which is a straightforward extension from Condition (a), and this
promising feature of Theorem B which is actually a generalization of Condition (c) basically benefits
from the fact that the system matrices A; are affine in the corresponding conditions.

5 Lo-Gain Performance Analysis

In the presence of disturbance w(t), Lo-gain performance is a disturbance attenuation performance
for event-triggered switched system (I3)—(IF). The basic idea of Condition (a) in Theorem 0, that is
abstracting continuous-time system ([[3)—(IH) into a discrete-time version, is difficult to be extended
from stability analysis to L£o-gain performance analysis, since the discrete-time abstraction only de-
fines the input-output relation at sampling instants ¢y, losing the information over interval (tg,tx11).
Moreover, the technical difficulties for extension mainly lies in the exponential term eAT: On the
other hand, Condition (c) in Theorem 0 can be extended owing to the affineness in system matrix A;.
In the following, a numerically tractable result is proposed for Lo-gain performance analysis.

Theorem 3 Consider event-triggered switched control system (I3)—(IA), if there exist scalars M €
N\{0}, pr, >0, h € {1,2}, a matriz 11 € MY and symmetric matrices P; ,, € R*™*2" 'm € {0,..., M},
i € N, such that, fori e N,
Pm>=0, me{0,...,M} (
Simi1 <0, me{0,... M—1} (71
Sima <0, me{0,...,M—1} (
Qp <0, he{l,2} (

where Qi,h = J;Lr Zjvzl Fjin’()Jh — Pi,M — (—1)thQ, and

[ D1(Ai, Pins1, P, Ts/ M) % *

Him,1 = E;—Pi,mﬂ -2
L C; D; —I |
Do(Ai, Pins1, Pim, Ts /M) * 1

Sima = EP;,, e
L Ci D; I |
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then switched system (I3)—-(A) is GUAS and has an Lo-gain v under sampled switching rule (I1) with
-Pi = -Pi.,O; 1€ N

Proof. The GUAS can be easily obtained by Condition (¢) in Theorem [, thus we focus on the
Lo-gain performance in the following. First, we let

Q) = ly@®)° = 7w (74)
and .
Ju(t) = /+ Q(s)ds, ¢ € [t t5,] (75)
which can imply that
) = [ (00s)+ D) ds=Vi( () + Viale}) (76)

where V;(Z(t)) is defined as V;(Z(t)) = xT(t)P (t)z(t), 1 € N, with P;(¢), i € N, defined by (BEI).
Then, by ([73), it can be deduced that ft Q(s)ds = Y52 Jr(t, ), which can be rewritten as

/to ds =3 O/f“ )+ DHV(EE) ds+ 3 V@) + Vili ko))

(77)
From (I73), one has
Vi(@(t))) = Vi(@(t)) < 0,9t € S (78)

is satisfied with min-switching rule (IC7). Moreover, it is obtained that

. ) . T D).
a0 + D Vi) =T | A OB (79)

where (T = [57(t) (1)), Ai = 2(A;, Pi(t)) + CT Ci.
Thus, from (), (), it gives Q(t) + DTV;(Z(t)) < 0. Together with (8) and Z(t) = 0, we obtain

Q(s)ds <0 (80)

to

which leads to ft ly(®)])> dt < ~ fto |w(#)]|” dt when w(t) # 0. Therefore, the L;-gain performance
is guaranteed. The proof is complete. O

From Theorem 3, it should be stressed that although the min-switching rule (C2) only acts at
sampling instants ¢t € S, the Lo-gain level which is defined over [tg,00) can be estimated. This
is because () and (IA) fully characterize the input-output property in the sense of Lo-gain during
[tk,trt1). Moreover, if the robust sampling scheme is considered, the similar extension can be easily
made as Theorem B.

Under the framework of Theorem B, an estimate of the £5-gain can be obtained by

min ~>

(81)
s.t. (), (), (), ()
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Figure 3: Suboptimal L£5-gain v with respect to different M

Same as the stability analysis result, the computational results obtained by solving the linear-matrix-
inequality-based optimization problems (K1) also depend on the choice of M. Less conservative results
will be obtained with larger M, at the expense of higher computational cost, which will be shown by
the following example.

Example 2 Consider a switched system with two modes same as in Example 1, and C;, D;, Ej,
i € {1,2} are chosen as below:

0.2

= =11 1|, E1 = Ey =
Ci=Cy=1[ 1], E; 2[0_5

] , Dy =Ds=0.5 (82)
We still consider w11 € [0,1] and w12 € [0,1] with mo1 = 1 — w11 and 7w = 1 — ma, respectively,
the increments Amy; = 0.1 and Amo = 0.1 are taken to divide [0,1], and search the optimal ~ for
these discretized points by Theorem B. The suboptimal Lo-gain is obtained as the minimal value of
the optimal v of all discretized points. Furthermore, given a constant sampling time Ts = 100 ms and
A ={0.1, 0.2, 0.3, 0.4, 0.5}, the suboptimal Lo-gain v with respect to different M are shown in Figure
3. From Figure 3, it can be observed that the estimated Lo-gain v decreases as M increases, this is
because that a larger M implies a finer division of the sampling interval, and thus a less conservative
result can be obtained. Moreover, it can be also found that the control performance becomes worse
with a larger state error A in event trigger condition, this is consistent with the actual situation. The
increasing computational complexities along with M is same as in Table 2, which is not presented here.

6 Conclusions

In this paper, the event-triggered control for switched linear systems has been studied. Three stability
criteria are proposed to ensure asymptotic stability of switched system subject to min-switching rule
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which is only allowed to activate at sampling instants. It has been proved that the three stability
criteria are equivalent. Then, taking advantages of one stability criterion with affineness in system
matrices, extensions to robust sampling scheme and L3-gain analysis. In the future work, the controller
design, switching rule design and event-triggering condition design should be taken into account based
on the stability analysis results proposed in this paper.
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A  Proof of Lemma

First, given (22) and 0 < Y'(¢) < €I, t € [0, Ty], with a sufficiently small € > 0, obviously we can obtain

Om

P,y = e~ A 0m ppe=Adm _ 6/ e AT =)= AGm =) gy 0, me{0,...,M}

0

holds for any initial Py > 0.
Letting Z,, = fogm e=A Gn=Y (£)e= A=D1 dt and substituting (Z2) into 2, (A, Pni1, P, 0) to
get
D (A, Pm—i—l; P, (5) = ’L9m,1(5) =+ ﬂmg(é) + ﬁm,B(é) (83)

where § = Ty /M and

D1 (8) = =4 ImQ(h)e=A0m

Due to limg_,o+ sup &(A, I, Py/d,Py/0,0) = —€ (A, Py), therefore it yields that lims_,q+ sup Q(d) = 0,
which implies
li Pm1(0) =0 84
Jim sup Orm,1 () (84)

Moreover, due to 0 < 6,, < T, it implies that e~4%" is bounded, ¥m.1(0) uniformly converges to zero.
In addition, it can be seen that

lim sup ¥y, 3(8) = =Y (0m) + C (A4, Zp,) (85)
§—0t
which results in
lim sup(9pm, 2(0) + 9m 3(0)) = =Y (dm) (86)
§—0t

which implies that lims_,o+ sup(di m.2(9) + 9pm,3(6)) < 0 due to Y (¢) = 0, ¢t € [0, Ts].
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In conclusion, with the aid of (84) and (8H), we have
lim sup 21(A, Py+1, P, d) <0 (87)
6—0+t
so there exists a sufficiently small §] such that
gl(AaPm—O—laPmaé) =<0 (88)

holds for all § < 47.
By a similar procedure as above, we can consider %5(A, P41, P, d) to obtain

lim sup 25(A, Prt1, P, 0) <0 (89)
6—0+t

and we can find a sufficiently small d; such that
Do(A, Ppg1, Py 6) <0 (90)

holds for all § < 43.

By setting 6* = min{d7, 65}, we can conclude that there exists a sufficiently small §* such that (£0)
and (20) hold for any ¢ < 6*. Due to § = Ts/M, it is equivalent to the existence of a sufficiently large
M* such that (P0) and (20) hold for any M > M*.

References

[1] R. DeCarlo, M. S. Branicky, S. Pettersson, and B. Lennartson. Perspectives and results on the
stability and stabilizability of hybrid systems. Proceedings of the IEEE, 88(7):1069-1082, 2000.

[2] H. Lin and P. J. Antsaklis. Stability and stabilizability of switched linear systems: a survey of
recent results. IEEE Transactions on Automatic Control, 54(2):308-322, 2009.

[3] D. Liberzon. Switching in Systems and Control. Springer Science & Business Media, 2012.

[4] P. Hauroigne, P. Riedinger, and C. Tung. Switched affine systems using sampled-data controllers:
robust and guaranteed stabilization. IEEFE Transactions on Automatic Control, 56(12):2929-2935,
2011.

[5] L. Zhang, H. Gao, and O. Kaynak. Network-induced constraints in networked control systems: a
survey. IEEE Transactions on Industrial Informatics, 9(1):403-416, 2013.

[6] W.P.M.H. Heemels, M.C.F. Donkers, and A. Teel. Periodic event-triggered control for linear
systems. IEEE Transactions on Automatic Control, 58(4):847-861, 2013.

[7] R. Shorten, F. Wirth, O. Mason, K. Wulff, and C. King. Stability criteria for switched and hybrid
systems. SIAM Review, 49(4):545-592, 2007.

[8] W. Xiang and J. Xiao. Stabilization of switched continuous-time systems with all modes unstable
via dwell time switching. Automatica, 50(3):940-945, 2014.

[9] G. Chesi, P. Colaneri, J. C. Geromel, R. Middleton, and R. Shorten. A nonconservative LMI
condition for stability of switched systems with guaranteed dwell time. IEEE Transactions on
Automatic Control, 57(5):1297-1302, 2012.

18



[10]

[11]

[12]

[13]

22]

[23]

[24]

[25]

A. S. Morse. Supervisory control of families of linear set-point controllers part I. exact matching.
IEEE Transactions on Automatic Control, 41(10):1413-1431, 1996.

J. P. Hespanha. Stability of switched systems with average dwell-time. In Proceedings of the 38th
IEEE Conference on Decision and Control, 1999, volume 3, pages 2655-2660, Phoenix, AZ, 1999.

L. Zhang, S. Zhuang, and P. Shi. Non-weighted quasi-time-dependent H.. filtering for switched
linear systems with persistent dwell-time. Automatica, 54:201-209, 2015.

P. Tabuada. Event-triggered real-time scheduling of stabilizing control tasks. IEEE Transactions
on Automatic Control, 52(9):1680-1685, 2007.

W.P.M.H. Heemels, J.H. Sandee, and P.P.J. Van Den Bosch. Analysis of event-driven controllers
for linear systems. International Journal of Control, 81(4):571-590, 2008.

X. Wang and M. Lemmon. Self-triggered feedback control systems with finite-gain stability. IEEE
Transactions on Automatic Control, 54(3):452-467, 2009.

T. Henningsson, E. Johannesson, and A. Cervin. Sporadic event-based control of first-order linear
stochastic systems. Automatica, 44(11):2890-2895, 2008.

D. Ding, Z. Wang, B. Shen, and H. Dong. Event-triggered distributed H., state estimation with
packet dropouts through sensor networks. IET Control Theory € Applications, 9(13):1948-1955,
2015.

H. Yu and F. Hao. Periodic event-triggered state-feedback control for discrete-time linear systems.
Journal of the Franklin Institute, 353(8):1809-1828, 2016.

C. Peng and J. Zhang. Event-triggered output-feedback H, control for networked control systems
with time-varying sampling. IET Control Theory € Applications, 9(9):1384-1391, 2015.

H. Yan, S. Yan, H. Zhang, and H. Shi. L5 control design of event-triggered networked control
systems with quantizations. Journal of the Franklin Institute, 352(1):332-345, 2015.

W.P.M.H. Heemels, K.H. Johansson, and P. Tabuada. An introduction to event-triggered and
self-triggered control. In 2012 IEEE 51st Annual Conference on Decision and Control (CDC),
pages 3270-3285, 2012.

L. Allerhand and U. Shaked. Robust state-dependent switching of linear systems with dwell time.
IEEE Transactions on Automatic Control, 58(4):994-1001, 2013.

J. C. Geromel and P. Colaneri. Stability and stabilization of continuous-time switched linear
systems. SIAM Journal on Control and Optimization, 45(5):1915-1930, 2006.

L. Allerhand and U. Shaked. Robust stability and stabilization of linear switched systems with
dwell time. IEEE Transactions on Automatic Control, 56(2):381-386, 2011.

C. Briat and A. Seuret. Affine characterizations of minimal and mode-dependent dwell-times for
uncertain linear switched systems. IEEE Transactions on Automatic Control, 58(5):1304-1310,
2013.

19



[26]

[27]

[28]

[29]

[30]

S. Pettersson and B. Lennartson. Stabilization of hybrid systems using a min-projection strategy.
In Proceedings of the 2001 American Control Conference, volume 1, pages 223-228, Arlington,
VA, 2001.

C. Duan and F. Wu. Analysis and control of switched linear systems via dwell-time min-switching.
Systems & Control Letters, 70:8-16, 2014.

C. Briat. Convex conditions for robust stabilization of uncertain switched systems with guaranteed
minimum and mode-dependent dwell-time. Systems & Control Letters, 78:63-72, 2015.

W. Xiang. On equivalence of two stability criteria for continuous-time switched systems with
dwell time constraint. Automatica, 54:36-40, 2015.

C. Briat. Convex conditions for robust stability analysis and stabilization of linear aperiodic
impulsive and sampled-data systems under dwell-time constraints. Automatica, 49(11):3449-3457,
2013.

K. Gu, J. Chen, and V. L. Kharitonov. Stability of Time-Delay Systems. Birkhéuser, Basel, 2003.

G. S. Deaecto, M. Souza, and J. C. Geromel. Chattering free control of continuous-time switched
linear systems. IET Control Theory & Applications, 8(5):348-354, 2014.

20



	Introduction
	Event-Triggered Switched Control System
	Stability Analysis for Event-Triggered Switched System
	Robust Sampling Scheme
	L2-Gain Performance Analysis
	Conclusions
	Acknowledgment
	Proof of Lemma 1

